We have demonstrated the effective control on carrier-envelope phase, angular distribution as well as peak intensity of a nearly single-cycle terahertz pulse emitted from a laser filament formed by two-color, the fundamental and the corresponding second harmonics, femtosecond laser pulses propagating in air. Experimentally, such control has been performed by varying the filament length and the initial phase difference between the two-color laser components. A linear-dipole-array model, including the descriptions of the both generation (via laser field ionization) and propagation of the emitted terahertz pulse, is proposed to present a quantitative interpretation of the observations. Our results contribute to the understanding of terahertz generation in a femtosecond laser filament and suggest a practical way to control the electric field of terahertz pulse for potential applications.
Terahertz (THz) radiation is of enormous interest for a variety of promising applications such as remote THz sensing and imaging, THz spectroscopy, THz nonlinear high field physics, and diagnostic of high power laser-matter interaction [1] [2] [3] [4] [5] . High peak-power broadband THz radiations can be generated by two-color laser-induced air-plasmas which can be moreover delivered to remote targets by laser self-guiding, avoiding thus the strong absorption of THz radiation by water vapor in the atmosphere [6] [7] [8] [9] . THz radiation generation in airplasmas can be mainly described using four-wave rectification [10] [11] [12] and transient photocurrent [13] [14] [15] [16] [17] [18] [19] [20] [21] models. In particular, it is well known from previous studies that the electric field of a THz pulse emitted from a two-color laser-plasma is usually with a single-cycle waveform. Thus, a precise control of the carrier-envelope phase (CEP) is crucial for applications, e.g., THz nonlinear optics and spectroscopy on various systems [22] [23] [24] .
In this Letter, we have performed an effective control of the spatio-temporal structure of a THz pulse emitted from a twocolor laser-induced air-plasma channel (filament), including its electrical field waveform (or CEP) and angular distribution as well as its peak intensity. Such control was realized through a change of the filament length as well as the initial phase difference between the two-color laser components. A theoretical model has been developed to describe both the generation and the propagation of the THz wave emitted from a filament, where the THz radiation is considered as a coherent superposition of THz waves emitted from a linear-dipole-array (LDA) along the filament. A good agreement has been obtained between the experimental observations and the predictions from the theoretical model.
A laser pulse of 40 fs pulse duration and 3.5 mJ energy at 800 nm was focused by a plano-convex lens of 50 cm focal length to form a filament in air. Before the laser pulse undergoing the filamentation [25, 26] , it was intercepted by a β -barium borate (BBO) crystal of 0.1 mm thickness, leading to second harmonic (SH) generation as shown in Fig.1(a) . The initial phase difference (∆φ i ) between the fundamental wave (FW) and its SH could be controlled by translating the BBO along the propagation axis of the laser: ∆φ i = ω(n 2ω − n ω )d/c, where ω is the angular frequency of the FW, n ω and n 2ω are the refractive indexes of the FW and its SH, c the speed of light in vacuum, and d the distance between the BBO and the geometric focus of the lens. The extraordinary axis of the BBO was oriented at an angle of 50 • with respect to the polarization of the incident FW. The THz emission from the two-color air-filament with polarization parallel to the polarization of the incident FW was detected with an electro-optic sampling technique after being collected by a pair of off-axis parabolic mirrors.
When the energy of the pump laser is lower than the threshold of the filamentation in air, a short plasma channel is observed around the geometric focus of the focusing lens [ Fig.2(a) ]. The THz waveform emitted from such plasma channel as a function of ∆φ i is illustrated in Fig.2(d) . Each vertical line corresponds to a measured THz waveform at a specified position of the BBO, thus a specific initial phase difference between the FW and its SH at the geometric focus. The experimental result obtained with the short plasma channel shows that the amplitudes of the THz waves change as a sinusoidal function of ∆φ i , i.e., E T Hz ∼ sin(∆φ i ), which is consistent with previous reports [10, 13] . When ∆φ i = 0, ±π, ..., the amplitude of the THz wave vanishes. Meanwhile, the CEP of the THz waveform stays constant when ∆φ i changes from −π to 0. For ∆φ i changing from 0 to π, the CEPs of the THz pulses also keep at a same value with an opposite polarity of the THz fields. When the short plasma channel turns to a long filament by increasing the energy of the pump laser [ Fig.2(b,c) ], the evolution of the THz waveforms versus ∆φ i at the geometric focus becomes more complicated [ Fig.2 (e,f)]. On one hand, the amplitude of the THz signal does not obey the sinusoidal relation with ∆φ i any more, i.e., its minimum never goes to zero. On the other hand, the CEPs of the THz waveforms start to change smoothly with ∆φ i . These observations suggest that efficient control of the CEP of the THz radiation from a two-color filament can be realized by adjusting the filament length. Stabilization of the CEP of the THz pulse is easily implemented by making a short plasma channel. In contrast, continuous tunability of the CEP of the THz pulse can be introduced by manipulating the initial relative phase of the two-color laser components in the case of a long filament.
To understand these new phenomena, a model including the generation and propagation of the THz radiation from a long filament is investigated. We consider a two-color laser pulse whose electric field parallel to the polarization of the incident FW is given as E laser (t) = E ω cos(ωt + φ 0 ) + E 2ω cos[2(ωt + φ 0 ) + ∆φ ], where E ω and E 2ω are respectively the amplitudes of the FW and its SH, ω and φ 0 are respectively the angular frequency and the phase of the FW, ∆φ = ∆φ i + ω(n 2ω − n ω )L/c is the relative phase between the two-color laser components while propagating in a plasma filament. Here, L is the propagation distance. As E laser (t) is used to ionize the gas target, the ionization process is simulated using the ADK model [15, 27] . So we get the density of free electrons born at the time of t at the given longitudinal position z of the filament dρ e (z,t ) = w(t )n 0 (t )dt , where w(t ) is the ionization rate associated with E laser (t ), and n 0 (t ) is the density of neutral particles.
For a small fraction of the long filament marked as dz, the charge can be written as dq(z,t ) = −edρ e (z,t )dz, where e is the elementary charge. After the laser pulse, the free electrons produced from ionization will have a drift velocity given by v(t ) = ∞ t −eE laser (t)/m e dt, where v(t ) represents the drift velocity for electrons born at the time t , and m e is the electron mass. Obviously, the drift motion of free electrons will lead Sim.
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Exp. to the charge separation inside the filament, as schematically illustrated in Fig.1(b,inset) . For each single free electron, the final drift distance can be estimated according to the plasma electron oscillations under the restoring force due to charge separation. The quiver amplitude of each electron is simply about r m = v(t )/ω p ∼ 1µm under the laser intensity around 10 15 W /cm 2 and the radiation frequency around 1THz, where ω p is the plasma frequency.
As mentioned above, the separation of the positive and negative charge center with the distance of |r m | will lead to the formation of dipoles inside the plasma. And the dipole varies as dP(z,t ,t) = r m dq(z,t ) exp(− jω T Hz t), where ω T Hz is close to the plasma oscillation frequency ω p , and j is the imaginary unit. Since |r m | is typically much smaller than the wavelength of the plasma oscillation with the frequency of several THz, the radiation caused by such oscillation can be considered as a dipole radiation [28] . In polar coordinates, the radiation of a dipole, with oscillation direction perpendicular to the polar axis [z-axis in Fig.1(a) ], can be written as
where dE T Hz dipole (ω T Hz , z,t ,t) represents the THz electric field emitted by the dipole oscillations along the θ direction which are generated from dq(z,t ), R(z, θ ) is the propagation length of the THz wave from its original position z, Φ(z, θ ) is the wave phase of the radiation. For a long filament, the whole THz signal is an integral of the radiation from each dipole located along the filament, i.e., coherent superposition of THz waves from a linear-dipole-array (LDA). Here we assume that THz radiation emitted by the filament at the propagation coordinate z does not affect the emission at z + dz. Thus,
where the integration ranges are the pulse duration of the pump and the filament length.
To get the total THz radiation in far field, not only the generation of the THz waves from each dipole along the filament but also the propagation and coherent addition of these radiations should be taken into account. The latter can be made by considering the phase propagation term exp[ jΦ(z, θ )] in Eq. (1), which is calculated with the ray tracing method as schematically shown in Fig.1(b) . As the THz wave propagates from W 0 to W 1 (z + δ z, r + δ z tan θ 0 ), its phase changes to Φ(W 1 ) = Φ(W 0 ) + k 0 η(z, r)δ z/cos θ 0 , where k 0 = ω T Hz /c is the THz wave number in the vacuum, and θ 0 is the radiation angle. The refractive index of the plasma is η(z, r) = 1 − n e e 2 /ε 0 m e ω 2 T Hz where n e is the plasma density taking the form of a cosine-squared distribution as n e (z, r) ∼ cos 2 (πr/2r p ) with r p representing the radius of the cross section of a filament. By repeating this process along the trace, one can get the THz wave phase Φ(z, θ ) in far field. After considering contributions from all dipoles along a LDA by using Eq.(2), we obtain the coherent emission of the THz waves from the whole filament in far field.
Spatial distributions of the THz electric field for (a) a 3-mmlong plasma and (b) a 30-mm-long filament. The r-z plane is defined in Fig.1(a) . Angular distributions of the intensity of the THz emitted from (c) the 3-mm-long plasma and (d) the 30-mm-long filament, respectively.
Based on this model, simulation results of THz radiation from a filament versus the initial phase difference ∆φ i at the geometric focus for the plasma length of 3 mm, 20 mm, and 30 mm are shown in Figs.2(g,h,i) , respectively. The simulation results are coincident with the experimental observations shown in Figs.2(d,e,f) . The physical mechanism of the transition between the phase-locked behavior observed for short filaments [ Fig.2(d) ] and the phase dynamics observed for longer filaments [ Fig.2(f) ] originates from the combined effects of continuous dephasing between FW and SH waves inside the filament zone and velocity mismatch between the two-color pump and the THz pulses. The dephasing affects the electric field strength and the polarity of the generated terahertz waves while the velocity mismatch deteriorates the synchronization in the wavefront of THz radiation from each dipole distributed along the filament. These two effects are negligible for a short plasma channel, resulting in phase-locked behavior [10, 13] .
In the case of a long filament, their combined work contributes to the dynamic phase evolution of the THz waves. Fig.2(k) ]. This good consistence between our LDA model and experiment indicates that it is essential to include the propagation effects both for the lasers and the THz waves in order to model the whole THz radiation properly. To be compatible with detection performed by electrooptical sampling via ZnTe crystals, we limit our experimental investigation and the numerical evaluation of our model to low THz frequencies (< 4T Hz). However, our model suggests that this dynamic phase change with the filament length is a general phenomenon even if a much broader THz spectrum is sampled by using other detectors in experiment [29] .
Using LDA model, we can calculate the angular distribution of the THz electric fields from a two-color filament. Based on the model, the THz emission is cylindrically symmetric to the axis of laser propagation. So we only consider the THz spatial distribution in the r-z plane [defined in Fig.1(a) ]. As the first-born THz wave propagates to the position of z = 105mm, the calculated THz spatial distributions for ∆φ i = −π/2 are shown in Fig.3(a) for a 3-mm-long plasma and Fig.3(b) for a 30-mm-long filament. Each point in the figures represents integrated THz electric fields emitted from all dipoles located along the filament. Figures 3(a,b) suggest that, after THz radiation from a two-color filament propagating in air for a certain distance (∼ 105mm), the coherent superposition of the nearly single-cycle THz electric fields emitted from all dipoles located along the filament results in an obvious enhancement in THz signal in a forward conical angle while fad-ing out in other directions. The conical angle for THz pulses emitted from a long filament [ Fig.3(d) ] is much sharper than that from a short plasma channel [ Fig.3(c) ]. In other words, a more directional THz source can be achieved by introducing a longer two-color filament, which is a result of the spatial coherence. The same behavior is observed in conical divergence of THz radiation from a one-color filament [7] . In experiment, we verify the conical angle for THz emission from a 30-mm-long two-color filament by scanning a 2-mm-aperture metal iris along the filament, as shown in Figs.4(a,b,c) . This aperture is large enough to survive the twocolor filament. When the iris is placed at the beginning of the filament, it does not have any effect on the forward THz radiation. Therefore, the measured THz signals [ Fig.4(d) ] are exactly the same as that obtained without an iris [ Fig.2(f) ]. When the iris is set 5 mm right to the beginning of the filament, the "effective" collection angle defined by this iris is around 11 degrees for THz pulses emitted from the first dipole located at the beginning of the filament and larger than 11 degrees for THz emission from other dipoles. In this situation, the measured THz signal [ Fig.4(e) ] is also quite similar to that observed without an iris. This means that the THz radiation from a 30-mm-long filament is confined in an emission angle less than 11 degrees. When the iris moves to the middle of the filament, i.e., the "effective" collection angle for THz radiation from the beginning dipole of the filament is about 4 degrees, the THz radiation from the whole filament is partially blocked by this iris. Consequently, the obtained THz amplitudes decrease a lot [see Fig.4(f) ]. Meanwhile, the evolution of the THz pulses versus ∆φ i changes to a pattern when a filament is shorter. These observations show good agreement with our simulated result illustrated in Fig.3(d) .
The evolution of the THz amplitudes versus the filament length is calculated by our LDA model, as shown in Fig.5 . When the filament length is short (3 mm or less), the THz radiation increases rapidly with the filament length in the case of ∆φ i = −π/2. In contrast, the THz yield remains at 0 in the case of ∆φ i = 0. When the filament length is longer than 3 mm, however, our simulation shows that THz radiation rises quickly with ∆φ i = 0. And it catches up with THz yield with In summary, it has been shown that the spatio-temporal structure of a THz pulse emitted from a two-color laser filament can be controlled by manipulating the filament length and the initial phase difference between the two-color laser components. Besides, the THz radiation is confined in a cone and its angular distribution is dominated by the filament length. Furthermore, the peak intensity of the THz radiation emitted from a filament can be enhanced as the filament becomes longer with an increased pump energy. A LDA model can well describe the experimental observations, where the total THz radiation from a two-color laser filament is considered as a coherent superposition of THz waves emitted from individual dipoles distributed along the filament, and the THz wave propagation along the filament is taken into account. Such practical THz control techniques pave the way for promising THz applications.
